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A simple experimental setup for measuring the Planck’s constant, using Landauer quantization 
of the conductance between touching gold wires, is described. It consists of two gold wires with 
thickness of 500/rm and 1.5 cm length, and an operational amplifier. The setup costs less than $30 
and can be realized in every teaching laboratory in two weeks. The usage of oscilloscope is required. 

PACS numbers: 01.50.Pa, 73.63.Nm, 73.63.Rt 


I. INTRODUCTION 

The purpose of the present work is to describe an experimental setup for observation the Landauer’s conductance 
quantization and determination of Planck’s constanl^, which can be easily realized in every teaching laboratory 

The quantization of the conductance was predicted by Rolf Landauer in 195lP. See, for example, Landauer’s^ and 
Biittiker’^ surveys. 

In the last years the observation of the conductance quantum and its usage for determining the Planck’s constant 
has become an ordinary experimental work for studentP"^. 

In order to receive information about the history of measuring the Planck’s constant check, for instance, the Steiner’s 
surve 

The conductance quantization has an elementary explanation, suitable for high-school students which can be con¬ 
sidered as an illustration of Bohr’s model of hydrogen atorrfiSI, 

The experimental setup is available in the Atomic physics laboratory. As described in other work^^, it is up to the 
students’ imagination to find a way to connect and disconnect the wires. However, the experimental setup is robust 
and repeatable in the time frame of three hours (the duration of the laboratory class). If break junctions are usecP^, 
the measurement becomes more reliable but the flair of the experimental hneness is lost. 

The most reproducible experiment on conductance quantization is conducted in technological structures with no 
atomic movement. The gain voltage is the only regulator of the quantum channelJ^^®^. 


II. THEORETICAL MODEL 

A. Conductance of one dimensional metal excluding scattering 

According to the Landauer consideratiorP^a conductor can be assumed as a one dimensional system of free electrons 
schematically presented in Fig. if length L is much smaller than mean free path. 

The distribution of the electrons over the energy states in a system with a large number of identical particles, 
is described by Fermi-Dirac’s statisticJSl. Fermi-Dirac’s distribution gives the average number of fermions with 
momentum p in a single-particle stat^^^ 


exp[{ep-yL)/kBT'] + l' 

where /cb is the Boltzmann’s constant, T' is the absolute temperature, Cp is the energy of the single-particle state, 
supposedly equal to tp = /2m, p is the chemical potential and p is the electron mome ntum . At zero temperature 

the chemical potential is a sum of the Fermi energy and the potential energy per electroiPE^. 

There are two possible values for Up 


n 


which derive from Pauli’s principle. 


1 in case of Cp < p 
0 in case oi tp > p 


( 2 ) 
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Now we can present the current as a flux of electrons using summation 

T PI P 

I = qe > —, Vp=dptp=—, 

L m 

a,p-, (Vp>0) 


( 3 ) 


where ge,a and v respectively are: the charge, spin and velocity of the electron. We suppose that qe is known. The 
magnitude npjL is averaged space density of electrons, having momentum p and geUp/L is the electrical density and 
represents the average number of particles per unit length. Implicitly in the Landauer consideration is supposed 
ballistically propagation of free particles in periodic boundary conditions with geometrical period L. 

We can transform the summation into integration using phase integraP^ 
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T D rPF 
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z; = — > 0, 
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where D is the space dimension, D = 1 is our case, h is the reduced Planck’s constant, is the considered volume (in 
this case it is the length of the conductor) and pp is the Fermi momentum. Formally summation can be substituted 
by integration only in L —> oo limit. 

Therefore, the current can be written as 


r-9 r r 

m2nHL' 

where the first multiplier 2 takes into account spin summation. The velocity is presented as p/m and h = 27r/i. 
After integration, the equation becomes 


( 5 ) 
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where (Tq is quantum of conductance 
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where i?H = 2Trh/ql = 25812.8074434(84) is the quantized Hall resistance (von Klitzing constant), related to 
the metrological definition of the resistance unit 17. The Planck’s constant is defined assuming that the elementary 
charge is given. It is remarkable that in this result Q effective mass of quasiparticles m is canceled and tis result 
is applicable for all ID conductors. The length L is also irrelevant and conduc tivity quantization can be seen not 
only in ID electron waveguides, but even for point contacts for which L — 0, see^^^. For applicability of Landauer 
quantization for touching wires is necessary size of the contact (of order of few A) to be much smaller than the mean 
free path in metals which is in order of 100 A. The electrons have to fly trough the contacting area as free particles. 
That is why thin oxide layer in copper can smear the conductivity quantization and it is better to use gold wires. 
The conductance quantum is also related to the Bohr’s velocity 

1 = 1 = ^^Bohr 

47reoi?H 2 47reo 27r ’ 

u = ^ = , ,jC, 

tionr fc Zommerreld ' 

All formulae are written in SI. In CGS system 47reo = 1, and the conductance has its natural dimensionality velocitj^^. 
In Heaviside-Lorentz system eg = 1 = c. 

There is a simpler method to calculate the integral for the current in Eq. (§ using only summation of arithmetic 
progressiorPSl^ which is suitable for high-school students. 


( 8 ) 
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B. Landauer formalism 

A more realistic case in observing the current flowing through a conductor is when scattering is taken into account. 
Consider the conductor as a two dimensional system. The electrons are confined by an infinite 2D (two dimensional) 
potential in x and y directions. In this case we should use quantum mechanics, in particular the Schrbdinger equation 
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FIG. 1: Landauer picture for one dimensional transport!^. One dimensional (ID) electron wavegnide between two massive 
metallic electrodes. Different transversal modes correspond to different quantnm channels of conductivity!^. The mean free 
path is bigger than wavegnide length L and the electrons fly ballistically trough the contact area between the electrodes. In the 
experimental realization of the present paper the electrodes are two gold wires, while the wavegnide is just the point contact 
between them cf.!^. 


for a particle in a box. Its solution gives discrete number of eigenstates, which are also called modes (or channels if 
conduction is considered). The total energy of the conductor can be obtained as a sum of the lateral mode energy 
and the energy of the one dimensional solution in the z-direction. 

Using the Landauer formalism for a current flow through small constrictions, the following can be derived 

N 

cr^cro'^Ti, (9) 

where CTq is the quantum conductance, N is the number of conduction channels and Ti is transmission coefficient 
for the channel in the wir^3El The factors Ti are significant since the conductor is not ideal. They represent the 
probability that an electron will traverse the constriction, traveling through the channel. Ti differs from 1 when 
backscattering becomes important in the transport process. If the length of break junctions is smaller than the mean 
free path of an electron in a metal (~ 100 A), it can be accepted that Ti = 1 for all channels. The Landauer formula 
becomes 

tr = aoN or — = N, (10) 

i.e. the conductance divided by quantum conductance is always equal to an integei!^. 

In the next section we describe the experimental realization. 


III. EXPERIMENTAL PART 
A. Electric circuit 

The experiment is conducted using the electric circuit presented on FIG. where crossed lines represent two gold 
wires. This circuit is similar to the one used iiP. 

For observing the time-dependence of the conductance and its quantization, the current through the conducting 
wires is measured using a current to voltage converter, as it is shown on FIG.[^ 

When the gold wires form one quantum of conductance, they can be presented as a resistor ri = 12.9 kU. In this case, 
FIG.j^shows the scheme of an inverting amplifier, which measures the input voltage Uin from the voltage divider formed 
by Ri and i? 2 - For the values of i?i = lOU and i ?2 = 300 U the voltage drop on i?i of the divider is approximately 
100 mV. The value of Ri is chosen in a such way that the voltage divider is not loaded by the input resistance of the 
inverting amplifier for the first tens of the quantum resistances Ri rjv, TV = 1,..., 10. The value of i ?2 is chosen so 
that the output voltage from the divider Uin is less than the maximum output voltage of the inverting amplifier, divided 
by its gain G„ for the first tens of the quantum conductance Uin = 3V x i?i/(i?i -I- R 2 ) < 9Y/Gpf.N = 1,..., 10. 

The voltage gain of an inverting amplifier is given as 


Gn = 


Uo 


Ui, 


Ik 

tn 


( 11 ) 


The used op-amp is TL071. It is very cheap, widespread and available in Dual In-line Package (DIP). It has bandwidth 
3 MHz corresponding to gain G = 1. In the case of one quantum of conductance the gain is Gi = ^ = 3.7. Since 
the product of the bandwidth of an op-amp with its gain is constant, the bandwidth of the used inverting amplifier is 
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FIG. 2: Electrical scheme for measurement of Plank’s constant. The current to voltage converter formed by the operational 
amplifier TL071 and the feedback resistor R{ has output voltage proportional to the input current ?7out = —R{1. The input 
current that flows through the gold wires is given by the conductivity I — aUin, where Uin is the voltage drop on Ri from the 
voltage divider form by Ri and i? 2 . The output voltage is proportional to the conductivity of the gold wires ?7out = —(jRiUin 
and it is recorded with digital oscilloscope. An alternative analysis of the circuit is that input voltage t/in = £Ri/{R\ + R 2 ) 
is amplified by an inverting amplifier with the feedback resistor Rf and input resistor l/cr. The amplification coefficient is 
G(t) = —uRf and the oscilloscope shows the time dependent output voltage f/out(t) = GUin oc In such a way we can see 
the quantized time dependent conductivity between touching gold wires. 


B — 0.8 MHz. This is much smaller than the bandwidth of the used oscilloscope^^HHl^ which makes them appropriate 
for measurement of the output voltage Uout- The bandwidth of the inverting amplifier is also high enough, so that 
we can measure the first few quantum steps with length greater than 1/B = 1.25/xs. This is the reason to choose 
relatively small value of Ri is of order of several tens of kH, so that the gain is also kept small and respectively the 
bandwidth is high. The aim of the experiment is to determine the Planck’s constant using the values of quantized 
conductance between two touching gold wires. This conductance, and corresponding resistance are related to the 
Planck’s constant 


1 _ 1 _ 1 h 

a Nao 2q^ N 


( 12 ) 


The resistance rjv = —^^Rf is obtained by measuring the value of Uont, corresponding to the quantum level, 
and taking into account the values of the input voltage Uin and the feedback resistance R{. Therefore, the Planck’s 
constant is 


h = 2ql tatIV = 


-2qlRfN 


Uin 

Uout 


(13) 


It is expressed by physical constants and experimentally determinable parameters and variables of the setup. 


B. Construction of the setup 

The setup on FIG. [^consists of a mechanical and an electrical part, which are connected with coaxial cables. The 
electrical and the mechanical parts are shown on FIG. and FIG. [^respectively. 

The mechanical part is constructed in such a way in order to provide slow movement of the gold wires when they 
form or destroy an electric contact. The gold wires are soldered at the end of big springs (see FIG. [^. The wires 
are made of commercial 24-karat gold for jewelry. They are 15 mm long and have a thickness of 0.5 mm. When the 
springs oscillate, the gold wires touch and detach. Each spring is 1.5 mm copper wire with 9 cm length. It has 20 
turns with a diameter of 2 cm. The springs are soldered on a cooper board with split layers in the middle to form two 
individual conducting surfaces. 

The electric circuit described in Sec. |III A| is implemented in the blue metal box shown on FIG. [^ The DC voltage 
source is a 3V battery cell consisting of two batteries of 1.5V each. The operational amplifier TL071 is supplied by 
two batteries of 9V. The switch breaks the power supply of the op-amp. 

The electrical part is connected with the mechanical part and the oscilloscope with 30 cm long coaxial cables. The 
BNC connectors on the box match the characteristic impedance of the cables, which is 50 H. 

The blue metal box of STR8 serves as a Faraday cage to suppress electromagnetic interference from the environment. 
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FIG. 3: View of whole experimental setup. One can see the oscilloscope showing a typical quantized step of the conductivity. 
The electronic part is in a metallic box shown with open cover in great details in FIG. The mechanical part ensuring slow 
touching of gold wires is given with great magnification in FIG. All parts of the setup are connected with coaxial cables 
terminated by BNG connectors. 



FIG. 4: Electrical circuit in the metallic box of Fig. One can see: 1) wrapped by black isolating band the two AA batteries 
of 1.5 V each giving electromotive force £, 2) operational amplifier (op-amp) TL071^, 3) double switch to the voltage supply of 
the op-amp, 4) two 9 V batteries of the voltage supply of the op-amp, 5) BNG connector to the oscilloscope 6) BNG connectors 
for coaxial cables connected to the gold wires given in great magnification in FIG. One can see also: the isolator plate on 
the bottom of the metallic box, standard circuit board with holes, on the left of the circuit board one of the resistors of the 
voltage divider, feedback resistor Ri above the op-amp and some unessential details. 


C. Measurement 


In the beginning, the switch must be turned on to power the op-amp. Then, we set the oscilloscope’s time scale, 
voltage scale and trigger level (for further details see Sec. 0. 

After a little push, the spring-shaped conductors start to vibrate and the gold wires come in and out of contact. 
When the wires connect, electrons pass from one of the wires to the other through N opened quantum channels 


(see Sec. IIB|. Simultaneous to the detachment of the wires, the number of modes decreases and so does the output 
voltage. The resulting signal is a sequence of steps, due to the conductance quantization of the wires. The height 
of each step corresponds to an integer quantum of conductance. 17out, corresponding to each step, is measured using 
the oscilloscope. The input voltage of the inverting amplifier f/jn is measured directly with a voltmeter as a voltage 
drop on the resistor i?i. The resistance i?f is measured with an ohmmeter. Then, Plank’s constant is calculated using 
Eq. (13) and the measured values of Uout, for a chosen step, and i?f. 

When performing the experiment, two approaches are possible. The first approach is to separate the gold wires. 
The second approach is to put them in contact. 

In the first approach, if the wires are connected in the beginning of the measurement, the output voltage is around 
—9V, because rjq = 0 and the amplification of the inverting amplifier is close to its open-loop gain and Uin is 
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FIG. 5: The mechanical part of the setup. Short gold wires (15 mm long and 0.5 mm thick) are soldered at the top end of 1.5 mm 
thick copper springs. The gold wires (zoomed in the upper part of the figure) are in mechanical contact as it is schematically 
presented at Fig.[^ The bottom end of the springs are soldered on separated copper plates. To the copper plates are soldered 
wires of two coaxial cables, which reduce the external electric noise. The shields of coaxial cables are connected to the common 
point (ground) of the scheme in Fig.[^ The purpose of the spring shaped copper wires is to decrease the frequencies of the eigen 
modes. This is an mechanical filter for high frequency mechanical noise and simultaneously increase the time for observation 
of quantized steps of the conductivity. When these steps are long enough we can use low frequency operational amplifiers and 
oscilloscopes. 


amplified up to the supplying voltage. In this case the oscilloscope’s trigger level is set at around 700 mV below it. 
The conductance quantization is observed during the separation of the wires. 

In the second approach, if the wires are initially detached, the output voltage is around OV, because the gain of 
the inverting ampliher is zero and also it is disconnected from the input source. In this case the trigger level is set 
at approximately 700 mV above the zero level, which corresponds to the output voltage [/out when there are several 
quantum of conductance. The conductance quantization occurs when the wires touch together. 

Both methods are appropriate for measurements and seem to be equally effective. 


IV. RESULTS 

The input voltage is measured to be Ui^ = 97.3 mV and it does not change during the experiment. The measured 
value of i?f = (47.0 ± 0.1) kfl. Accuracy of of this value is much higher than the accuracy of measurements by 
oscilloscope, that is why the uncertainty of i?f is irrelevant. 

FIGs. and present photographs of the oscilloscope’s display. They illustrate the op-amp output voltage as 
a function of time, using two different oscilloscopes. FIG. show the experimental curves, when measurement is 
performed in regime of separation of wires, using the digital oscilloscope Rigol DS5042M. The curves on FIG. 
are displayed in regime of connection, using digital oscilloscope Rigol DS1052E. The number of the open quantized 
channels is matter of interpretation. We approximate to the nearest integer number N. Results from the measurements 
are presented in TABLE |T] 

Planck’s constant evaluated as a mean value and standard deviation of our measurements represented in TABLE [l] 
is 


h = (6.54±0.45) X Js. 


(14) 
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FIG. 6: Voltage proportional to the conductivity as function of time. One can easily see a step at which the conductivity is 
equal to the conductivity quantum ag. Regime of disconnection of the gold wires. A 40 MHz bandwidth oscilloscope is used. 
The X-axis is set to 200 ns and the Y-axis is at 200 mV. The step with height of 440 mV and length of 200 ns corresponds to a 
single quantum conductance unit. The width of the step with quantized conductance is around 200 ns. 


output 
voltage 
Pout [mV] 

number 
of channels 
N 

Planck’s 

constant 

/i[10-^^Js] 

720 

2 

6.522 

760 

2 

6.179 

1800 

5 

6.522 

360 

1 

6.522 

440 

1 

5.336 

360 

1 

6.522 

320 

1 

7.337 

360 

1 

6.522 

320 

1 

7.337 

720 

2 

6.522 

700 

2 

6.708 

360 

1 

6.522 

360 

1 

6.522 

360 

1 

6.522 

360 

1 

6.522 


TABLE I: Results from the measurements obtained from different experiments. The first column is the voltage level of the 
conductance step with N channels. See for example FIGs.[^and[^ The number of channels is written in the second column. 
In the last column is given the calculated value of the Planck’s constant. 


The deviation from the CODATA 2010 recommended value (h = 6.626 07123(133) x 10 Js)P^is 1.3%. 


V. GUIDELINES FOR STUDENTS AND LABORATORY TEACHING ASSISTANTS 

In order to estimate Planck’s constant using the method and experimental setup presented in this work, students 
should follow the instructions below. 

Turn on the switch on the metal box. The switch breaks the voltage supply of the op-amp. Then, measure the 








































FIG. 7: Three steps of quantised conductivity as function of time can bee seen in regime of connection of the gold wires. A 
50 MHz bandwidth oscilloscope is used. The X-axis is set to 100 /is and the Y-axis is at 500 mV. The step between the markers 
with height of 360 mV and length of 60/rs corresponds to a single quantum conductance unit. The horizontal cursors describes 
the chosen level of the conductivity. The variation of the curve from the horizontal step of quantized conductivity is more 
informative than an error bar around an experimental point. Note that the width of the steps 50 — 100 fis is significantly bigger 
than the width of the step depicted in FIG. 


voltage immediately before the gold wires, using a voltmeter. The measured value is the input voltage U-m and is 
approximately 100 mV. 

After that, connect the oscilloscope to the electrical part of the setup, using the BNC’s. We use oscilloscopes Rigol 
DS5042]Vpi^and Rigol DS1052lP^, but any digital oscilloscope with sampling rate bigger 10 mega-samples per seconds 
can be used. This frequency is determined by the time interval of the quantized conductivity. For our setup those 
times are of order /us, and in case of good mechanics with very low eigen frequencies time intervals can be even bigger 
up to 1 ms. 

Set the time scale of the device. Take into account that the stability of the mechanical part of the setup influences 
the voltage dependence on time. In case of slow connection and disconnection of the gold wires the X scale should 
be set to 100/rs/div. Otherwise, the X scale should be 0.2 — 50/rs/div. 

Set the voltage scale. The gain of the inverting amplifier is Gn = — = 3.7 N for N conductance quanta. As 

the resulting voltage is Uout = —Gn Uin, the voltage scale should be set to 200 — 500mV/div. 

Furthermore, a quick check on the reliability of the setup is recommended. When the gold wires are steadily 
connected, a horizontal line at around — 9V appears on the oscilloscope’s screen. The resulting voltage is approximately 
equal to the supply voltage of the inverting op-amp. When the wires are separated from one another, the resulting 
voltage is 0 V and a horizontal line at 0 should be on display. 

At the start of each measurement the wires can be connected or divided. As the resulting signal is supposed to be 
a sequence of steps, a trigger level must be set. Appropriate trigger mode is ’’Edge”. An edge trigger occurs when 
the trigger input passes through a specified voltage level at the specified slope direction. The trigger sweep should be 
’’Single”. This way, whenever a trigger event occurs, the oscilloscope acquires one waveform and stops. 

If the wires are initially connected, the triggering is on rising slope. In case they are divided, the triggering is on 
failing slope. The trigger level should be set at around UtHg = Uout{N = 2) « 700mV below or above the initial line 
for the two appro ches respectively. Teaching assistants can find more information on triggering in the oscilloscope’s 
user manuapl^. 

When performing the experiment, the springs can be shaped in different ways and various actions can be taken to 
improve the resulting signal. It is possible to resize one or both of the springs, restrict their movement, for example 
make one of them still, tilt the cooper plate, put a soft fabric under the plate, make bigger springs with lower vibration 
frequency and many more. Students are given a chance to come up with and test their own ideas and moderate the 
springs the way they prefer. For example, students from the same course made alternative realization, using long 
lever with attached micro-metric screw on its long arm. When they turn the screw, the short arms moves a gold wire 
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that touches or detaches another gold wire. 

When the desired motion manner is achieved, a little push on the side of the cooper plate or on the surface of 
the experimental table would be sufficient to provide good signal on the oscilloscope’s screen. In most cases, many 
attempts are made before the goal is reached. It is also very likely that only one step is clearly observable on the 
oscilloscope. This means that several graphs should be obtained in order to estimate Planck’s constant accurately. 
Once the graphs are obtained, the height of each step should be calculated. This is the output voltage Uout- 

After all the measurements are done, the switch must be turned off in order to disconnect the op-amp from the 
power supply. 

Finally, the Planck’s constant is calculated using equation The CODATA 2010 value of the elementary charge 
is 1.602176565(35) x IQ-^^CP. Also, the electron charge can be measured in teaching labs. For this purpose, a 
setup, made by students, is available at the Atomic physics teaching laboratory. The estimated value of the Planck’s 
constant should be compared to the CODATA 2010 recommended value. 


VI. CONCLUSION 

Being ubiquitous in our everyday life, it is hard to believe how handy the contact between metal conductors can be 
for measuring a fundamental physics constant. The Landauer quantization happens to be a surprisingly good basis 
for a true experiment, leading to miraculously good results for such a simple experimental setup. The opportunity to 
observe quantum conductance units as steps in the time dependence of voltage, produced by the fine touch between 
two wires, is remarkable. It took years to measure Planck’s constant with high accuracy, but within 2% accuracy 
for a teaching laboratory having an oscilloscope, $30, couple of weeks and a small group of motivated students are 
all the resources you need. Undeniably, this price is accessible for every teaching laboratory with the desire to 
make noticeable achievements by its simplicity and effectiveness. Since different approaches are possible, a dose of 
enthusiasm and preciseness may become the fuel for a valuable accomplishment, making it worthy for the teaching 
assistant to participate in. 

In order to pass the exam on quantum physics many students gave different realization of the mechanical part 
of the setup. The best solution with longest steps of the conductivity was given by spring shaped wires with very 
low frequency of vibration and small velocity of connection and disconnection. Our concrete conclusions is that just 
this setup gives the simplest method for measurement of Planck constant by electronic phenomenon. Definitely the 
simplicity of the setup will have relevance for physics teaching of quantum phenomena and learning at the university 
and even in high school level. 
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